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Abstract
In 2003, Kostochka, Pelsmajer, and West introduced a list analogue of equitable color-
ing called equitable choosability. In this paper, we motivate and define a new list analogue
of equitable coloring called proportional choosability. A k-assignment L for a graph G
specifies a list L(v) of k available colors for each vertex v of G. An L-coloring assigns a
color to each vertex v from its list L(v). For each color c, let η(c) be the number of vertices
v whose list L(v) contains c. A proportional L-coloring ofG is a proper L-coloring in which
each color c ∈
⋃
v∈V (G) L(v) is used ⌊η(c)/k⌋ or ⌈η(c)/k⌉ times. A graph G is propor-
tionally k-choosable if a proportional L-coloring of G exists whenever L is a k-assignment
for G. We show that if a graph G is proportionally k-choosable, then every subgraph
of G is also proportionally k-choosable and also G is proportionally (k + 1)-choosable,
unlike equitable choosability for which analogous claims would be false. We also show
that any graph G is proportionally k-choosable whenever k ≥ ∆(G) + ⌈|V (G)|/2⌉, and
we use matching theory to completely characterize the proportional choosability of stars
and the disjoint union of cliques.
Keywords. graph coloring, equitable coloring, list coloring, equitable choosability.
Mathematics Subject Classification. 05C15.
1 Introduction
In this paper we define and study a new list analogue of equitable coloring. All graphs
are assumed to be finite, simple graphs unless otherwise noted. Generally speaking we follow
West [25] for basic terminology and notation.
1.1 Equitable Coloring
The study of equitable coloring began with a conjecture of Erdo˝s [2] in 1964 (Theorem 1,
proved in 1970 [6]), but the general concept was formally introduced by Meyer [15] in 1973. An
equitable k-coloring of a graph G is a proper k-coloring of G, f , such that the sizes of the color
classes differ by at most one (where a k-coloring has exactly k, possibly empty, color classes).
It is easy to see that for an equitable k-coloring, the color classes associated with the coloring
are each of size ⌈|V (G)|/k⌉ or ⌊|V (G)|/k⌋. We say that a graph G is equitably k-colorable if
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there exists an equitable k-coloring of G. Equitable colorings are useful when it is preferable
to form a proper coloring without under-using any colors or using any color excessively often.
Equitable coloring has found many applications ( see for example [22, 20, 9, 8]).
Unlike ordinary graph coloring, increasing the number of colors may make equitable col-
oring more difficult. For example, K3,3 is equitably 2-colorable, but it is not equitably 3-
colorable. More generally, K2m+1,2m+1 is equitably k-colorable for each even k less than
2m + 1, it is not equitably (2m + 1)-colorable, and it is equitably k-colorable for each
k ≥ 2m + 2 = ∆(K2m+1,2m+1) + 1 where we use ∆(G) to denote the largest degree of a
vertex in G (see [14] for further details). In 1970, Hajna´l and Szemere´di proved the following
general result.
Theorem 1 ([6]). Every graph G has an equitable k-coloring when k ≥ ∆(G) + 1.
In 1994, Chen, Lih, and Wu [1] made a conjecture in the spirit of Brooks’s Theorem.
Their conjecture is known as the ∆-Equitable Coloring Conjecture (∆-ECC for short).
Conjecture 2 ([1], ∆-ECC). A connected graph G is equitably ∆(G)-colorable if it is dif-
ferent from Km, C2m+1, and K2m+1,2m+1.
Conjecture 2 has been proven true for interval graphs, trees, outerplanar graphs, subcubic
graphs, and several other classes of graphs (see [1], [13], and [26]).
1.2 Equitable Choosability
In this subsection, we briefly review a well known list coloring analogue of equitable
coloring. This will motivate a new list analogue of equitable coloring which we will present
afterward and will be the focus of this paper.
In 2003, Kostochka, West, and the third author introduced a list version of equitable
coloring [11], equitable choosability, which has received some attention in the literature. A
list assignment L for a graph G is a function which associates with each vertex of G a list of
colors. When |L(v)| = k for all v ∈ V (G) we say that L is a k-assignment for G. We say G is
L-colorable if there exists a proper coloring f of G such that f(v) ∈ L(v) for each v ∈ V (G)
(and f is called a proper L-coloring of G). We say G is k-choosable if a proper L-coloring of
G exists whenever L is a k-assignment for G.
Suppose L is a k-assignment for the graph G. A proper L-coloring of G is equitable if each
color appears on at most ⌈|V (G)|/k⌉ vertices. Such a coloring is called an equitable L-coloring
of G, and we call G equitably L-colorable when an equitable L-coloring of G exists. We say
G is equitably k-choosable if G is equitably L-colorable whenever L is a k-assignment for G.
Note that ⌈|V (G)|/k⌉ is the same upper bound on the size of color classes in typical equitable
coloring. So, for the notion of equitable choosability, no color is used excessively often.
It is conjectured in [11] that Theorem 1 and the ∆-ECC hold in the list context.
Conjecture 3 ([11]). Every graph G is equitably k-choosable when k ≥ ∆(G) + 1.
Conjecture 4 ([11]). A connected graph G is equitably k-choosable for each k ≥ ∆(G) if it
is different from Km, C2m+1, and K2m+1,2m+1.
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In [11] it is shown that Conjectures 3 and 4 hold for forests, connected interval graphs, and
2-degenerate graphs with maximum degree at least 5. Conjectures 3 and 4 have also been
verified for outerplanar graphs [29], series-parallel graphs [27], and certain planar graphs
(see [12], [28], and [30]). In 2013, Kierstead and Kostochka made substantial progress on
Conjecture 3, and proved it for all graphs of maximum degree at most 7 (see [10]).
1.3 Proportional Choosability
If a graph is k-choosable, then it is k-colorable. However, it can happen that a graph
is equitably k-choosable, but not equitably k-colorable. For example, K1,6 is equitably 3-
choosable, but it is not equitably 3-colorable. This shows that the notion of equitable choos-
ability is not actually a strengthening of equitable coloring. Generally speaking, the reason
a graph can be equitably k-choosable without being equitably k-colorable is that in an equi-
table k-coloring we are forced to not under-use any colors, but for an equitable list coloring
there is no lower bound on how many times a color must be used.
In some sense it is reasonable to not place any lower bound on the number of times a
color should be used in the list context, since colors in a list assignment might only appear
on a few lists, which of course limits the number of times that the color will appear in a list
coloring. The number of lists in which a color appears could be less than ⌊|V (G)|/k⌋ or even
as low as one. Equitable choosability generalizes equitable coloring from the side where it is
possible to do so, and it abandons trying to control it from the other side.
In this paper we present a way to fix this difficulty. In particular, we introduce the notion
of proportional choosability which will generalize equitable coloring from both sides. We will
have that if a graph is proportionally k-choosable, it must be equitably k-colorable. The
creation of this notion was facilitated by a question asked by Stasi [21] during a talk given
by the second author [16].
Suppose that L is a k-assignment for graph G. The palette of colors associated with L
is ∪v∈V (G)L(v). For each color c, the multiplicity of c in L is the number of lists of L in
which c appears. The multiplicity of c in L is denoted by ηL(c) (or simply η(c) when the list
assignment is clear), so ηL(c) = |{v : v ∈ V (G), c ∈ L(v)}|. Throughout this paper, when L is
a list assignment for some graph G, we always use L to denote the palette of colors associated
with L.
Given a k-assignment L for a graph G, a proper L-coloring, f , for G is a proportional
L-coloring of G if for each c ∈ L, f−1(c), the color class of c, is of size⌊
η(c)
k
⌋
or
⌈
η(c)
k
⌉
.
We say that graph G is proportionally L-colorable if a proportional L-coloring of G exists,
and G is proportionally k-choosable if G is proportionally L-colorable whenever L is a k-
assignment for G. The next proposition shows that this notion has the property that we
want.
Proposition 5. If G is proportionally k-choosable, then G is both equitably k-choosable and
equitably k-colorable.
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Proof. Suppose G is proportionally k-choosable. When L is a k-assignment for G, it is clear
that a proportional L-coloring for G is an equitable L-coloring for G since η(c) ≤ |V (G)| for
each c ∈ L. Thus, G is equitably k-choosable.
To see that G is equitably k-colorable, consider the list assignment K that assigns the list
{1, 2, . . . , k} to each v ∈ V (G). There must be a proportional K-coloring, f , for G. Clearly,
f is an equitable k-coloring of G.
For disconnected graphs, equitable colorings on components can be merged after appro-
priately permuting color classes within each component [26] to obtain an equitable coloring
of the whole graph. Equivalently, if G1, . . . , Gt are pairwise vertex disjoint graphs, each of
which has an equitable k-coloring, then their disjoint union
∑t
i=1Gi also has an equitable
k-coloring. This property does not generalize to equitable choosability; we know that K1,6
and K2 are equitably 3-choosable but K1,6 + K2 is not equitably 3-choosable. We will see
below that it also does not hold in the context of proportional choosability. Thus, techniques
that we use to find equitable L-colorings or proportional L-colorings on connected graphs
may not be successful when it comes to disconnected graphs.
Before ending this subsection, there are a couple of historical remarks that are worth
making. Suppose that G is a graph and L is a list assignment for G. Moreover, suppose
that p is a mapping that associates a positive integer p(c) to each color c ∈ L. The decision
problem of whether there is a proper L-coloring of G such that each c ∈ L is used exactly
p(c) times, denoted (G,L, p), has been studied before. Determining whether a proportional
L-coloring of G exists is a slightly less restrictive instance of this problem.
In 1997, de Werra [24] showed that when G is a disjoint union of cliques, (G,L, p) is in
P. Then, in 1999, Dror et al. [3] showed that (Pn, L, p) is NP-complete even if |L(v)| ≤ 2 for
every vertex in the path. However, if the palette of colors associated with L must be of size
at most k, then problem (Pn, L, p) can be solved in time O(n
k) by dynamic programming
(see [3]). Also, in 2002 [5] it was shown that when G is a planar bipartite graph and the
palette of colors associated with L is of size at most 3, (G,L, p) is NP-complete.
1.4 Results and Questions
We now present an outline of the paper while summarizing our results and mentioning
some open questions. In Section 2 we present some initial results related to proportional
choosability which will be utilized in subsequent sections. Most importantly, we use match-
ing theory to show that proportional choosability is monotonic in k, meaning that if G is
proportionally k-choosable, then it must be proportionally (k+1)-choosable as well. We also
show that proportional k-choosability is monotone, meaning that if H is a subgraph of G and
G is proportionally k-choosable, then H is also proportionally k-choosable.
Those results are surprising, considering that equitable coloring and equitable list coloring
do not behave so nicely. Trivially, k-colorability and k-choosability are monotone and imply
(k + 1)-colorability and (k + 1)-choosability. However, if a graph is equitably k-colorable
(resp. choosable), it need not be equitably (k+1)-colorable (resp. choosable). Indeed, K3,3 is
equitably 2-colorable and is not equitably 3-colorable, and K1,9 is equitably 4-choosable and
is not equitably 5-choosable. Moreover, the graph property of being equitably k-colorable
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(resp. choosable) is not monotone. Indeed, K3,3 is equitably 2-colorable, but K1,3 is not
equitably 2-colorable, andK1,6 is equitably 3-choosable, butK1,5 is not equitably 3-choosable.
The fact that we have monotonicity in k when it comes to proportional choosability leads
us to introduce a graph invariant. In particular, for any graph G, the proportional choice
number of G, denoted χpc(G), is the smallest k such that G is proportionally k-choosable.
By monotonicity in k, we know that any graph G is proportionally k-choosable if and only if
k ≥ χpc(G).
In Section 3 we study the proportional choosability of graphs of small order. We give an
algorithmic argument to convert an equitable L-coloring with some additional restrictions into
a proportional L-coloring for a k-assignment L of G with every color having multiplicity less
than 2k (Lemma 29), which helps us prove the following result for proportional choosability
in the spirit of an earlier result ([11, Theorem 1.1]).
Theorem 6. Any graph G with ∆(G) ≥ 1 satisfies
χpc(G) ≤ ∆(G) +
⌈
|V (G)|
2
⌉
.
By Corollary 10 below, if ∆(G) = 0, then χpc(G) = 1.
It is natural to ask whether the proportional analogues of Conjectures 3 and 4 hold (i.e.,
can we replace “equitably k-choosable” with “proportionally k-choosable” in each of these
conjectures). We will show in Section 2 that the proportional analogue of Conjecture 4 does
not hold. However, the proportional analogue of Conjecture 3 is open.
Question 7. For any graph G, is G proportionally k-choosable whenever k ≥ ∆(G) + 1?
Another question that can be asked about the proportional choosability of graphs of small
order is whether an analogue of Ohba’s Conjecture holds (see [19] and [18]). In Section 2 we
show that χpc(K2∗m) > m whenever m ≥ 2, where K2∗m is the complete m-partite graph
where each partite set is of size 2. This leads to the following question.
Question 8. If G is equitably k-colorable and |V (G)| ≤ 2k − 1, must it be that G is propor-
tionally k-choosable?
Finally, in Section 4 we use more matching theory to prove some further results on pro-
portional choosability. Specifically, we begin by proving a result for disconnected graphs.
Theorem 9. If G is a graph such that its largest component has k vertices, then χpc(G) ≤ k.
The following corollary is related to the problem studied by de Werra [24] mentioned at
the end of the previous subsection.
Corollary 10. If G is a disjoint union of cliques and the largest component of G has t
vertices, then χpc(G) = t.
We also completely characterize the proportional choosability of stars.
Theorem 11. χpc(K1,m) = 1 + ⌈m/2⌉.
So K1,m is proportionally k-choosable if and only if k ≥ 1 +m/2. In terms of maximum
degree, this is the same as the sharp bound known for equitable k-choosability of forests
(see [11]). On the other hand, we will see in Section 2 that the proportional analogue of
Conjecture 4 does not even hold for trees.
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2 Preliminary Results
2.1 Basic Results
We begin by going over some terminology and simple results. For the remainder of this
paper, if L is a list assignment for a graph G, and G′ is a subgraph of G, then we write
L′ = L|V (G′) when L
′ is the list assignment for G′ obtained by restricting L to V (G′).
Lemma 12. Let G be a graph and L a k-assignment for G. Let S = {x1, . . . , xk} so that
x1, . . . , xk are distinct vertices in G. Suppose that L(xi) is the same list for each xi ∈ S. If
G− S has a proportional L′-coloring where L′ = L|V (G)−S and
|NG(xi)− S| ≤ k − i
for 1 ≤ i ≤ k, then G has a proportional L-coloring.
Lemma 12 follows immediately from this next, more general result which has a straight-
forward proof that can be found in [17].
Lemma 13. Let G be a graph, L a k-assignment for G, and S ⊆ V (G). Let K =
⋃
v∈S L(v).
Suppose that for each a ∈ K there is an ma ∈ N so that
|{v ∈ S : a ∈ L(v)}| = mak.
Suppose f1 is a proportional L
′-coloring of G− S where L′ = L|V (G)−S . Let L
′′(v) = L(v)−
{f1(u) : u ∈ (NG(v) − S)} for each v ∈ S. If there is a proper L
′′-coloring, f2, of G[S] that
uses each a ∈ K exactly ma times, then f1 together with f2 form a proportional L-coloring of
G.
Suppose that L is a k-assignment for the graph G, and suppose that f is a proper L-
coloring of G. We call a ∈ L a well distributed color in L (or simply a well distributed color
when the list assignment is clear) if η(a) is divisible by k. A color p ∈ L is called perfectly used
with respect to f if p is well distributed and |f−1(p)| = η(p)/k. A color b ∈ L is called almost
excessive with respect to f if b is not well distributed and |f−1(b)| = ⌈η(b)/k⌉, and a color d ∈ L
is called almost deficient with respect to f if d is not well distributed and |f−1(d)| = ⌊η(d)/k⌋.
A color a′ ∈ L is called excessive with respect to f if |f−1(a′)| > ⌈η(a′)/k⌉, and a color d′ ∈ L
is called deficient with respect to f if |f−1(d′)| < ⌊η(d′)/k⌋.
Throughout this paper whenever L is a k-assignment for G and c ∈ L, write η(c) = kqc+rc
where 0 ≤ rc ≤ k − 1. We can easily count almost excessive colors by adding up all the
remainders, as follows.
Lemma 14. Suppose that L is a k-assignment for the graph G, and suppose that f is a
proportional L-coloring of G. Then the number of almost excessive colors with respect to f is
1
k
∑
l∈L
rl.
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Proof. Assume |V (G)| = n. Let A be the set of well distributed colors in L. Let B be the
set of almost excessive colors and let D be the set of almost deficient colors with respect
to f . Since f is a proportional L-coloring, every color in L is either perfectly used, almost
excessive, or almost deficient with respect to f . We calculate that:
n =
∑
l∈L
|f−1(l)| =
∑
a∈A
|f−1(a)|+
∑
b∈B
|f−1(b)| +
∑
d∈D
|f−1(d)|
=
∑
a∈A
η(a)
k
+
∑
b∈B
η(b) + k − rb
k
+
∑
d∈D
η(d) − rd
k
= |B|+
1
k
(∑
a∈A
(η(a) − ra) +
∑
b∈B
(η(b) − rb) +
∑
d∈D
(η(d) − rd)
)
= |B|+
1
k
(∑
l∈L
η(l)−
∑
l∈L
rl
)
= |B|+
1
k
(
nk −
∑
l∈L
rl
)
= |B|+ n−
1
k
∑
l∈L
rl.
From this calculation it is easy to deduce that |B| = 1
k
∑
l∈L rl.
2.2 Matchings and Monotonicity
We now show that proportional choosability is monotonic in k. The proof relies on some
matching theory. So, we begin with a quick review of the necessary matching theory, and
we introduce some notation. This notation will also be used when we obtain some further
results via matching theory in Section 4.
Using matching theory to prove results about list coloring is not new (see [4]). A matching
in a graph G is a set of edges with no shared endpoints. If M is a matching in G, and
X ⊆ V (G) such that each vertex in X is an endpoint of an edge in M , we say that X is
saturated by M . If M is a matching in G that saturates V (G), then we say that M is a
perfect matching of G and G has a perfect matching. The following classic result was proven
by Hall in 1935.
Theorem 15 ([7], Hall’s Theorem). Suppose B is a bipartite multigraph with bipartition
X,Y . Then, B has a matching that saturates X if and only if |NB(S)| ≥ |S| for all S ⊆ X.
It is easy to prove the following corollary from Hall’s Theorem (see [25]).
Corollary 16. If B is a k-regular bipartite multigraph, then E(B) can be partitioned into k
perfect matchings in B.
We will introduce a specially constructed auxiliary k-regular bipartite multigraph, B,
where one partite set corresponds to colors in L and the other corresponds to vertices in
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G. We then use a perfect matching in B to obtain a proportional L-labelling, and under
additional constraints we can ensure that this labelling is actually a proper coloring.
We now go through the specifics. For the following lemmas, it is convenient to relax some
previous notions. A k-multi-assignment assigns to each vertex a multiset of k colors (allowing
repeats). In this context, the multiplicity of a color is the sum of its multiplicities across all
lists, and we may still ask for a proportional coloring from such an assignment.
Lemma 17. Let L be a k-multi-assignment for G such that η(c) = k for every c ∈ L.
Then there is a proportional L-coloring of G. Furthermore, for every v0 ∈ V (G) and every
c0 ∈ L(v0), there exists a proportional L-coloring f such that f(v0) = c0.
Proof. Define an auxiliary bipartite multigraph with partite sets V (G) and L, and create
edges so that there are α edges with endpoints v and c if and only if c appears in L(v) α
times. By hypothesis, this graph is k-regular. By Corollary 16, there is a perfect matching
containing an edge with endpoints v0 and c0. A perfect matching in this bigraph defines an
L-coloring of G; since each color is used exactly once, it is a proportional L-coloring.
Given a graph G with a k-assignment L, we define the well-distributed expansion of (G,L)
as a pair (G′, L′) constructed as follows. Let G′ be G plus a new isolated vertex vc for each
color c that is not well distributed in L. For each such vc, let L
′(vc) be a multiset consisting
of k− rc copies of color c and rc copies of a new color c
∗ /∈ L. For v ∈ V (G), let L′(v) = L(v).
Note that η(c∗) =
∑
vc
rc, which is clearly divisible by k. Thus, L
′ is a k-multi-assignment of
V (G′) for which every color is well distributed.
Given a (multi-)list assignment L, we call a function f : V (G) → L with f(v) ∈ L(v)
for every v ∈ V (G) (that need not be a proper coloring) an L-labelling. An L-labelling is
proportional if for every c ∈ L, ⌊η(c)/k⌋ ≤ |f−1(c)| ≤ ⌈η(c)/k⌉.
Lemma 18. If (G′, L′) is a well-distributed expansion of (G,L) and f is a proportional
L′-labelling of G′, then f restricted to V (G) is a proportional L-labelling of G.
Proof. Let f ′ be a proportional L′-labelling of G′, and consider f = f ′|V (G). We have that f
is an L-labelling of G. Each color that is well distributed in L does not appear in any new
lists of L′, so that color is used perfectly by f . Each color c that is not well distributed in L
is used qc + 1 times by f
′; if it is used on vc, then it is used almost deficiently by f , and if it
is not used on vc, then it is used almost excessively by f .
Given a k-assignment L for G, a huing of L is a new k-assignment obtained by replacing
each c ∈ L by ⌈η(c)/k⌉ new colors called the hues of c, with each hue occurring in exactly
k lists except perhaps the last (if rc > 0) which is called the scarce hue of c, which appears
in rc lists. We say that a huing is good if G has no edges joining vertices whose lists contain
different hues of the same color.
Lemma 19. Let L be a k-assignment for G, let L˜ be any huing of (G,L), and pick any
v0 ∈ V (G) and c0 ∈ L(v0). Then there is a proportional L-labelling of G, f , with f(v0) = c0,
and if L˜ is a good huing then f is a proportional L-coloring of G.
Proof. Let (G′, L′) be a well-distributed expansion of (G,L). The huing L˜ extends naturally
to a huing L˜′ of L′: the colors in lists of G are hued according to L˜, the appearances of
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color c in L′(vc) are changed to the scarce hue of c, and the additional color c
∗ added in the
expansion is hued arbitrarily.
Lemma 17 gives us a proportional L˜′-coloring of G′ such that the color on v0 is a hue of
c0. Restricting it to V (G) yields a proportional L˜-labelling f˜ of G by Lemma 18. Projecting
hues back to their original colors preserves the proportional use of each color, so that results
in a proportional L-labelling f .
If uv ∈ E(G) and f(u) = f(v) = c, then f˜(u) 6= f˜(v) since f˜ was inherited from a
L˜′-coloring of G′, so f˜(u) and f˜(v) must be two different hues of c. That cannot happen if L˜
is a good huing.
Finally, we are ready to prove monotonicity in k.
Proposition 20. If G is proportionally k-choosable, then G is proportionally (k+1)-choosable.
Proof. Let L be a (k + 1)-assignment for G. Let L˜ be any huing; Lemma 19 gives a pro-
portional L-labelling ϕ of G. Define the k-assignment L′ by L′(v) = L(v) \ {ϕ(v)}. By the
hypothesis, G has a proportional L′-coloring f . Let c ∈ L.
If c is well distributed in L, then ηL′(c) = k ·
ηL(c)
k+1 , so that c is well distributed in L
′ and
|f−1(c)| =
η
L′
(c)
k
= ηL(c)
k+1 as required.
If c is not well distributed in L, say ηL(c) = (k+1)qc + rc with 0 < rc ≤ k, then c is used
qc + δc times by ϕ, where δc = 0 if c is used almost deficiently with respect to ϕ and δc = 1
if c is used almost excessively with respect to ϕ. So
ηL′(c) = ((k + 1)qc + rc)− (qc + δc) = kqc + rc − δc.
This gives |f−1(c)| ≥
⌊
η
L′
(c)
k
⌋
≥ qc, and |f
−1(c)| ≤
⌈
η
L′
(c)
k
⌉
≤ qc + 1. Thus f is a
proportional L-coloring of G.
Having proven monotonicity in k, we are ready for a definition. For any graph G, the pro-
portional choice number of G, denoted χpc(G), is the smallest k such that G is proportionally
k-choosable. By Proposition 20, we know that any graph G is proportionally k-choosable if
and only if k ≥ χpc(G).
The next result shows that the property of proportional k-choosability is monotone in the
subgraph relation. This is another fact of which we will make frequent use.
Proposition 21. Suppose H is a subgraph of G. If G is proportionally k-choosable, then H
is proportionally k-choosable.
Proof. Let L′ be an arbitrary k-assignment for H. Let L′ =
⋃
v∈V (H) L
′(v), and assume
L′ ⊂ N. Let M = maxL′. Now, let L be the k-assignment for G given by:
L(v) =
{
{M + 1,M + 2, . . . ,M + k} if v ∈ V (G) − V (H)
L′(v) if v ∈ V (H)
Since G is proportionally k-choosable, there is a proportional L-coloring, f , of G. We note
that if we restrict f to V (H) we obtain a proportional L′-coloring of H.
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2.3 First Upper Bounds
We begin with an easy upper bound on the proportional choice number of a graph.
Proposition 22. For any G, χpc(G) ≤ |V (G)|.
Proof. We need to show that G is proportionally |V (G)|-choosable. Fix a |V (G)|-assignment,
L, for G. For each c ∈ L, η(c)/|V (G)| ≤ |V (G)|/|V (G)| = 1. So, we must pick each color at
most once. Furthermore, we must use c ∈ L exactly once if and only if η(c) = |V (G)|. Let
A be the set of colors that must be used exactly once. Assign each color in A to one of |A|
distinct vertices (pick any subset of V (G) of size |A|) in a one-to-one fashion, and remove
those colors from the lists of the other vertices. It remains to color |V (G)|− |A| vertices with
|V (G)| − |A| distinct colors from lists of size |V (G)| − |A|, which we can do greedily.
It is easy to see that the bound in Proposition 22 is tight since χpc(Kn) = n. With a
bit more effort, we can slightly extend Proposition 22 by showing that Kn is the only graph
achieving equality there.
Proposition 23. Suppose that G is a graph on k + 1 vertices such that G 6= Kk+1. Then,
G is proportionally k-choosable. That is, χpc(G) ≤ |V (G)| − 1 whenever G is not a complete
graph.
Proof. Note that the result is obvious when k = 0, 1. So, we assume that k ≥ 2 throughout
this proof. Suppose that L is an arbitrary k-assignment for G. We must show that there is a
proportional L-coloring for G. First, note that a proportional L-coloring clearly exists when
L is a constant k-assignment (i.e. a list assignment where all the lists are the same) since
in this case we can color 2 nonadjacent vertices of G with the same color and then greedily
color what remains to obtain a proportional L-coloring.
So, we assume that L is a non-constant k-assignment for G. We let
A = {c ∈ L : η(c) ≥ k}.
Note that a proportional L-coloring of Gmust use each color in A at least one time. Moreover,
for any color in L − A, a proportional L-coloring must use the color 0 or 1 time. Suppose
A = {c1, . . . , cm}. Clearly 0 ≤ m ≤ k + 1. We will prove the desired in the case that (1)
m ≤ k, and in the case that (2) m = k + 1.
For case (1), we find a vertex, v1 ∈ V (G), such that c1 ∈ L(v1), and we color v1 with
c1. Then, we proceed inductively, and for each j satisfying 2 ≤ j ≤ m, we find a vertex,
vj ∈ V (G) − {v1, . . . , vj−1}, such that cj ∈ L(vj) (such a vertex must exist since cj appears
in the list corresponding to at least k vertices in V (G)), and we color vj with cj . We let
S = {v1, . . . , vm} (note that S will be empty if m = 0), and we let S
′ = V (G) − S. Now, for
each vertex v ∈ S′, let L′(v) = L(v)−A. Note that each color in
⋃
v∈S′ L
′(v) has multiplicity
less than k in L. So, we can complete a proportional L-coloring of G if we can find a proper
L′-coloring of G[S′] that uses |S′| = k −m+ 1 pairwise distinct colors.
We note that |L′(v)| ≥ k −m for each v ∈ S′. We can find a proper L′-coloring of G[S′]
that uses |S′| = k−m+1 pairwise distinct colors if L′ is not a constant (k −m)-assignment
for G[S′]. So, we assume L′ is a constant (k −m)-assignment for G[S′] (note that since L is
not a constant k-assignment, it must be that m ≥ 1). Specifically, suppose that L′(v) = B
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for each v ∈ S′. This means that L(v) = B ∪ A for each v ∈ S′. Since L is not a constant
k-assignment, there must be some vi ∈ S such that L(vi) 6= B ∪ A. Now, pick any vertex
u ∈ S′ and color it with ci. Then, make it so that vi is uncolored. Now, let
S′′ = (S′ − {u}) ∪ {vi}
and let L′′(v) = L(v)−A for each v ∈ S′′. Note that each color in
⋃
v∈S′′ L
′′(v) has multiplicity
less than k in L. Since L(vi) 6= B ∪A, we have that L
′′ is not a constant (k−m)-assignment
for G[S′′]. Thus, we can find a proper L′′-coloring of G[S′′] that uses |S′′| = k−m+1 pairwise
distinct colors which completes a proportional L-coloring of G. This completes case (1).
For case (2) we suppose that m = k + 1. In this case note that since each color in A has
multiplicity at least k in L,
k(k + 1) ≤
k+1∑
i=1
η(ci).
Also, since L assigns to each vertex in G a list of k colors, we know that
k(k + 1) ≤
k+1∑
i=1
η(ci) ≤
∑
c∈L
η(c) = k|V (G)| = k(k + 1).
So, it must be that each color in A has multiplicity k and A = L. So, we may assume that
L = {1, 2, . . . , k + 1}, and L(v) is a k-element subset of L for each v ∈ V (G). Moreover,
since each color in A does not appear in exactly one list obtained from L, we know that each
k-element subset of L is assigned to exactly one vertex in V (G) by L. We let vi ∈ V (G) be
the vertex with the property i /∈ L(vi). To obtain a proportional L-coloring of G, we simply
color vi with i+1 for each 1 ≤ i ≤ k, and we color vk+1 with 1. This completes case (2), and
we are finished.
2.4 Lower Bounds
We now make some progress on Theorem 11 by showing that stars with too many leaves
fail to be proportionally k-choosable.
Proposition 24. K1,2k−1 is not proportionally k-choosable for each k ∈ N.
Proof. Let G = K1,2k−1. Note that in any proper k-coloring of G, the color used on the vertex
in the partite set of size one must be used exactly once. However, ⌊|V (G)|/k⌋ = 2. So, G is
not equitably k-colorable, and Proposition 5 implies G is not proportionally k-choosable.
Propositions 21 and 24 immediately yield the following which is a negative result in the
spirit of Question 7.
Corollary 25. Suppose that G is a graph with ∆(G) ≥ 2k − 1 for k ∈ N. Then, G is not
proportionally k-choosable. That is,
χpc(G) >
∆(G) + 1
2
for any graph G.
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We now present the result that lead to the formulation of Question 8. One should notice
that the result below is not implied by Corollary 25 since (∆(K2∗m) + 1)/2 = m−
1
2 .
Proposition 26. If m ≥ 2, then χpc(K2∗m) > m.
Proof. Suppose that G is a copy of K2∗m with partite sets A1, A2, . . . , Am. For 1 ≤ i ≤ m,
suppose Ai = {ai,1, ai,2}. Now, suppose that L is the m-assignment for G obtained by letting
L(ai,l) = {1, 2, . . . ,m − 1} ∪ {m − 1 + i} for each i = 1, 2, . . . ,m and l = 1, 2. Notice
that L = {1, 2, . . . , 2m − 1}. Also, η(j) = 2m when 1 ≤ j ≤ m − 1, and η(j) = 2 when
m ≤ j ≤ 2m− 1.
For the sake of contradiction, suppose that f is a proportional L-coloring of G. We have
that f must use each of the colors: 1, 2, . . . ,m− 1 exactly 2 times, and f must use all other
colors in L at most one time. Since α(G) = 2, and there are exactly m independent sets in G
of size 2 (namely A1, A2, . . . , Am), we may assume without loss of generality that f
−1(j) = Aj
for j = 1, 2, . . . ,m− 1. Then, in order for f to be a proper coloring, f must color both of the
vertices in Am with the color 2m− 1. This however contradicts the fact that f uses 2m− 1
at most one time. So, there is no proportional L-coloring of G, and we know that G is not
proportionally m-choosable.
We now present two results which show that certain forests and complete bipartite graphs
of max degree ∆ need not be proportionally ∆-choosable.
Proposition 27. Suppose H1,H2, . . . ,Hk are k pairwise vertex disjoint copies of K1,k. If
G =
∑k
i=1Hi, then G is not proportionally k-choosable.
Proof. The result is obvious when k = 1. So, we may assume that k ≥ 2 throughout
the proof. For 1 ≤ i ≤ k suppose that Hi has bipartition Ai, Bi where Ai = {ai} and
Bi = {bk(i−1), bk(i−1)+1, . . . , bki−1}. We will now construct a k-assignment, L, for G such that
there is no proportional L-coloring for G.
To begin, we let L(ai) = {1, 2, . . . , k} for 1 ≤ i ≤ k. Then, for 1 ≤ i ≤ k and 0 ≤ j ≤ k−1,
we let
L(bk(i−1)+j) = {1, i(k − 1) + 2, i(k − 1) + 3, . . . , (i+ 1)(k − 1) + 1}.
It is easy to see that ⋃
v∈V (G)
L(v) = {1, 2, . . . , k2}.
Moreover, η(1) = |V (G)| = k2 + k and η(j) = k for each each 2 ≤ j ≤ k2. Now, for the sake
of contradiction, suppose that f is a proportional L-coloring of G.
We first claim that f(ai) 6= 1 for each 1 ≤ i ≤ k. To see why, suppose that f(al) = 1 for
some l. Since f is a proper L-coloring, this implies that f(Bl) ⊆ {l(k− 1)+2, . . . , (l+1)(k−
1) + 1} which immediately implies that
|f(Bl)| ≤ k − 1.
Since |Bl| = k, the pigeonhole principle implies that there exists two vertices in Bl that are
given the same color, say t, by f . Since t > 1, t is used too many times by f which is a
contradiction. Thus, f(ai) 6= 1 for each 1 ≤ i ≤ k.
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Now, we know that f({a1, . . . , ak}) ⊆ {2, 3, . . . , k} which immediately implies that
|f({a1, . . . , ak})| ≤ k − 1.
Since |{a1, . . . , ak}| = k, the pigeonhole principle implies that there exist two vertices in
{a1, . . . , ak} that are given the same color, say t, by f . Since t > 1, t is used too many times
by f which is a contradiction. Thus, no proportional L-coloring of G exists and our proof is
complete.
Since Proposition 23 implies K1,k is proportionally k-choosable, Proposition 27 also shows
that, like equitable choosability, adding more components to a graph may make finding a pro-
portional coloring more difficult. Thus, techniques we use to prove results about proportional
choosability of connected graphs may not work in the context of disconnected graphs.
Proposition 28. Km,m is not proportionally m-choosable for each m ∈ N.
Proof. First, note that the result is obvious when m = 1. So, we assume that m ≥ 2,
and let G = Km,m. Suppose that G has bipartition A, B where A = {a1, . . . , am} and
B = {b1, . . . , bm}. We will now construct an m-assignment, L, for G such that there is
no proportional L-coloring for G. For 1 ≤ i ≤ m, let L(ai) = {1, 2, . . . ,m} and L(bi) =
{1,m+ 1,m+ 2, . . . , 2m− 1}. Note that η(1) = 2m and η(j) = m for 2 ≤ j ≤ 2m− 1.
For the sake of contradiction, suppose that f is a proportional L-coloring of G. Since
|f−1(1)| = 2, we may assume without loss of generality that f colors two vertices in A with
1. This however makes it impossible for f to use each color in {2, 3, . . . ,m} exactly one time
since the colors in {2, 3, . . . ,m} only appear in lists corresponding to vertices in A. This is a
contradiction, and we conclude there is no proportional L-coloring for G.
Note that Proposition 28 implies that the proportional analogue of Conjecture 4 does not
hold. Moreover, Propositions 21 and 27 make it easy to construct trees where the proportional
analogue of Conjecture 4 does not hold.
3 Proportional Choosability of Small Graphs
In this section we prove Theorem 6: χpc(G) ≤ ∆(G) + ⌈|V (G)|/2⌉ for every graph G. In
order to prove Theorem 6, we will prove two lemmas which will make the proof of Theorem 6
trivial. We begin with a lemma that is interesting in its own right.
Lemma 29. Suppose G is a graph, and suppose that L is a k-assignment for G such that
max
c∈L
η(c) < 2k.
If there exists a proper L-coloring of G that uses at most t colors excessively, then there exists
a proper L-coloring of G, g, such that no color in L is deficient with respect to g and at most
t colors in L are excessive with respect to g. In particular, if there is a proper L-coloring of
G that uses no color c ∈ L excessively, then G is proportionally L-colorable.
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Proof. Among all the proper L-colorings of G that use at most t colors in L excessively, let
f be such that the number of deficient colors with respect to f is as small as possible. For
the sake of contradiction, suppose there is at least one deficient color with respect to f .
Let X = {c ∈ L : |f−1(c)| < ⌊η(c)/k⌋}, Y = {c ∈ L : |f−1(c)| = ⌊η(c)/k⌋}, and
Z = {c ∈ L : |f−1(c)| > ⌊η(c)/k⌋}. Note that for each c ∈ L, ⌊η(c)/k⌋ is 0 or 1 since
η(c) < 2k. So, the colors in X have multiplicity at least k, and they are not used by f .
Therefore, X is precisely the colors in L which are deficient with respect to f , and by our
assumption, |X| ≥ 1.
We define an auxiliary digraph H with V (H) = V (G) as follows. For each vertex u ∈
V (H), let (u, v) ∈ E(H) for each v with f(u) ∈ L(v) (note that we allow loops in this graph).
If P is a directed path in H with vertices (written in order): v1, v2, . . . , vm, by shifting colors
along P we mean that we modify the coloring f as follows: we remove the color f(v1) from
v1 and for 2 ≤ i ≤ m we recolor vi with f(vi−1). By the way H is constructed, the coloring
we obtain after shifting colors along P assigns to each vertex in V (G) − {v1} a color in its
corresponding list.
Let S0 be the set of vertices in V (G) whose lists contain at least one deficient color with
respect to f (note that |S0| ≥ k). Let S be the set of vertices reachable from S0 via a directed
path in H (note that we allow directed paths of length 0). We claim that f(S) must contain
an element in Z.
To see why, suppose for the sake of contradiction that f(S) ⊆ Y . Let H ′ = H[S]. By the
way S is defined, d+H′(v) = d
+
H(v) for each v ∈ S. For each v ∈ S, we know that η(f(v)) ≥ k
which means that k ≤ d+H(v) = d
+
H′(v). Also, for each v ∈ S,
d−H′(v) = |{u ∈ S : f(u) ∈ L(v)}|.
Since each color in f(S) is used exactly once by f and L is a k-assignment, d−H′(v) ≤ k for
each v ∈ S. Furthermore, since each vertex in S0 contains at least one color never used by f
in its corresponding list, d−H′(v) < k for each v ∈ S0. Thus, we have
k|S| ≤
∑
v∈S
d+H′(v) =
∑
v∈S
d−H′(v) =
∑
v∈S0
d−H′(v) +
∑
v∈S−S0
d−H′(v) < k(|S0|+ |S − S0|) = k|S|
which is a contradiction. We conclude that some element of f(S) is in Z.
Let Z ′ be all the vertices in S that are colored by f with a color in Z. Suppose that P
is a directed path (in H) of minimum length between S0 and Z
′. Suppose that the vertices
of P (in order) are: y1, y2, . . . , ym. Clearly, y1 ∈ S0, f(ym) ∈ Z, and since P is of minimum
length, f(yi) ∈ Y for i = 1, . . . ,m− 1. Suppose that c is a deficient color in L(y1). Let f
′ be
the coloring for G obtained from f by shifting colors along P , and coloring y1 with c. Since
c was never used by f , and each of: f(y1), . . . , f(ym−1) is used exactly one time by f , f
′ is
a proper L-coloring of G, and the only color classes associated with f and f ′ that differ in
size are the color classes corresponding to c and f(ym). Specifically, f
′ uses c one more time
than f , and it uses f(ym) one less time than f . So, f(ym) is not deficient with respect to f
′,
and c is almost deficient with respect to f ′. We conclude that f ′ is a proper L-coloring of G
that uses at most t colors excessively, and there are fewer colors in L deficient with respect
to f ′ than with respect to f . This is a contradiction.
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Lemma 29 gives us a way to remove deficient colors when our graph has small order.
Our next lemma will tell us that we can also avoid excessive colors when our graph satisfies
further conditions. Both these lemmas will allow us to easily prove Theorem 6.
Lemma 30. Suppose G is a graph, l ≥ 2, and k ≥ max{l∆(G), l|V (G)|/(2(l−1))}. If L is a
k-assignment for G, then there exists a proper L-coloring of G that uses no color c ∈ L more
than ⌈η(c)/k⌉ times (i.e. excessively).
Proof. Suppose for the sake of contradiction that the lemma is false. Let G be a graph that
violates the lemma with the smallest possible number of vertices. We let |V (G)| = n. Note
that if n is 1 or 2, ⌈max{l∆(G), l|V (G)|/(2(l − 1))}⌉ ≥ n ≥ χpc(G) which means the lemma
holds when n = 1, 2. So, n ≥ 3. Let L be a k-assignment with k and l satisfying the condition
such that a proper L-coloring of G satisfying the desired property does not exist. We have
that n ≤ 2k(1− 1/l) and ∆(G) ≤ k/l.
Suppose that y ∈ V (G), and let G′ = G − y and K = L|V (G′). By the minimality of G
and the fact ∆(G′) ≤ ∆(G) and |V (G′)| < |V (G)|, there is a proper K-coloring of G′, f , such
that for each c ∈ L,
|f−1(c)| ≤
⌈
ηK(c)
k
⌉
≤
⌈
ηL(c)
k
⌉
≤
⌈n
k
⌉
≤
⌈
2−
2
l
⌉
≤ 2.
Now, for i = 1, 2, let Ei denote the elements of c ∈ L that satisfy |f
−1(c)| = i = ⌈ηL(c)/k⌉,
and for j = 0, 1, let Dj denote the elements of c ∈ L that satisfy |f
−1(c)| = j < ⌈ηL(c)/k⌉.
It is easy to see that {E1, E2,D0,D1} is a partition of L.
We let L′(y) = L(y) − {f(v) : v ∈ NG(y)}. Clearly |L
′(y)| ≥ k − ∆(G) ≥ k(1 − 1/l).
Note that it must be the case that L′(y) ∩ (D1 ∪D0) = ∅. Otherwise we could simply color
y with some c ∈ L′(y) ∩ (D1 ∪ D0) to complete a coloring with the desired property. So,
L′(y) ⊆ E1 ∪ E2. Let U = {v ∈ V (G
′) : f(v) ∈ L′(y)}. Since each color in L′(y) is used
at least once by f , we have that |U | ≥ |L′(y)|. We will now derive a contradiction in two
possible cases: (1) D1 6= ∅ and (2) D1 = ∅.
For case (1) suppose that c∗ ∈ D1 and f(v
∗) = c∗. Since c∗ ∈ D1, it follows that
ηL(c
∗) ≥ k + 1. Now, let R = {v ∈ V (G) : c∗ ∈ L(v), v /∈ NG[v
∗]}. We note that R is a
subset of V (G′) since c∗ /∈ L′(y) implies y /∈ R. Also, |R| ≥ k + 1 − 1 −∆(G) ≥ k(1 − 1/l).
Now, we claim that U and R are not disjoint. To see why this is so, suppose that U and R
are disjoint subsets of V (G′). Then
2k
(
1−
1
l
)
− 1 ≥ n− 1 = |V (G′)| ≥ |U |+ |R| ≥ 2k
(
1−
1
l
)
which is a contradiction. Suppose that x ∈ V ∩ R. Now, starting from f , recolor x with c∗
and color y with f(x). The resulting coloring is a proper L-coloring of G with the desired
property. This is a contradiction which completes case (1).
For case (2) we know that D1 = ∅. We claim that D0 contains at least one element. To
see why this is so, note that:
2|E2|+ |E1| = n− 1.
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Also,
(2|E2|+ |E1|+ 1)k = nk =
∑
e2∈E2
ηL(e2) +
∑
e1∈E1
ηL(e1) +
∑
d0∈D0
ηL(d0)
≤ n|E2|+ k|E1|+
∑
d0∈D0
ηL(d0)
≤
2k(l − 1)
l
|E2|+ k|E1|+
∑
d0∈D0
ηL(d0).
This implies that:
2|E2|+ |E1|+ 1 ≤
2(l − 1)
l
|E2|+ |E1|+
1
k
∑
d0∈D0
ηL(d0) =⇒
2
l
|E2|+ 1 ≤
1
k
∑
d0∈D0
ηL(d0).
The last inequality immediately implies that |D0| ≥ 1. Similar to the proof of Lemma 29,
we define an auxiliary digraph H with V (H) = V (G) as follows. For each vertex u ∈ V (H),
let (u, v) ∈ E(H) for each v with f(u) ∈ L(v). Note that since y is not in the domain of f ,
d+H(y) = 0.
Let S0 be the set of vertices whose list contains some element of D0, and let S be the
set of vertices reachable from S0 by a directed path in H (again we allow directed paths of
length 0). We claim that y ∈ S. To see why this is so, suppose that y /∈ S. By the definition
of S, each c ∈ f(S) only appears in lists corresponding to vertices in S. Let G′′ = G − S,
and K ′ = L|V (G′′). By the minimality of G, there is a proper K
′-coloring, f ′, of G′′ such that
|f ′−1(c)| ≤ ⌈ηK ′(c)/k⌉ ≤ ⌈ηL(c)/k⌉ for each c ∈ L. Moreover, f
′ never uses any color in f(S)
since the multiplicity of each c ∈ f(S) is 0 in K ′. Let g be the proper L-coloring for G given
by
g(v) =
{
f ′(v) if v ∈ V (G) − S
f(v) if v ∈ S
(note that we need to have y /∈ S for g to be a proper L-coloring for G). It is easy to see that
for each c ∈ L, |g−1(c)| ≤ ⌈ηL(c)/k⌉ which contradicts the fact that G violates the lemma.
We conclude that y ∈ S.
Suppose that P is a directed path (in H) of minimum length between S0 and E2 ∪ {y}
(such a P exists since y ∈ S). Suppose that the vertices of P (in order) are: z1, z2, . . . , zm.
Clearly, z1 ∈ S0, zm = y or f(ym) ∈ E2, and since P is of minimum length, f(yi) ∈ E1 for
i = 1, . . . ,m− 1. Now, modify f by shifting colors along P , and color z1 with an element in
L(z1) ∩D0.
In the case zm = y we get a proper L-coloring for G which satisfies the desired property
which is a contradiction. On the other hand, if f(ym) ∈ E2 we still have that f is a proper
K-coloring of G′ which satisfies the desired property, and we have that f(ym) ∈ D1. Thus, we
may get a contradiction by proceeding as we did in case (1) since we now have that D1 6= ∅.
This completes the proof.
We now present the proof of Theorem 6.
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Theorem 6. Any graph G with ∆(G) ≥ 1 satisfies
χpc(G) ≤ ∆(G) +
⌈
|V (G)|
2
⌉
.
Proof. Suppose G is a graph with ∆(G) ≥ 1 and k = ∆(G) + ⌈|V (G)|/2⌉. Let L be an
arbitrary k-assignment for G. We must show a proportional L-coloring of G exists. If
|V (G)| ≤ ∆(G) + ⌈|V (G)|/2⌉, Propositions 20 and 22 yield the desired result. So, assume
that |V (G)| > ∆(G) + ⌈|V (G)|/2⌉. This implies that |V (G)|/(2∆(G)) > 1. So, if we let
l = 1+ |V (G)|/(2∆(G)), we see that Lemma 30 implies that there exists a proper L-coloring
of G which uses no color c ∈ L excessively. Finally, since
max
c∈L
η(c) ≤ |V (G)| < 2∆(G) + |V (G)| ≤ 2k,
Lemma 29 implies that a proportional L-coloring of G exists.
It should be noted that by Proposition 23, the bound on χpc(G) in Theorem 6 can be
taken to be min{|V (G)| − 1,∆(G) + ⌈|V (G)|/2⌉} if we know that G is not a complete graph.
4 Further Results via Matching Theory
In this section we use matching theory to prove Theorems 9 and 11. We use the same
terminology that was introduced at the beginning of Section 2: whenever L is a k-assignment
for G, for each c ∈ L, write η(c) = kqc + rc where 0 ≤ rc ≤ k − 1. We also let Vc = {v : c ∈
L(v)}.
4.1 Proportional Choosability of Disconnected Graphs
In this subsection we prove Theorem 9. In this subsection, given a k-assignment for G,
we let aci denote the number of components of G[Vc] that have order i.
Lemma 31. Suppose G is a graph that has no component of order greater than k and L is
a k-assignment for G. If
ac1 ≥
k∑
j=2
(k − j)acj
for each c ∈ L, then there is a proportional L-coloring of G.
Proof. We hue L as follows. For each c ∈ L and each component H of G[Vc] with j ≥ 2
vertices, we introduce one hue of c. For every vertex in H together with k − j isolated
vertices of Vc, we replace the occurrence of c by this hue. The inequality in the hypothesis
ensures that we have enough isolated vertices to add to each nontrivial component so that
each resulting hue has multiplicity k. Finally, if there are isolated vertices remaining, we hue
the appearance of c in their lists arbitrarily (always with multiplicity k except perhaps for
one scarce hue).
Notice that by construction, this is a good huing. So, the desired result follows by
Lemma 19.
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We are now ready to prove Theorem 9. For the proof, if G has no components of order
greater than k and L is a k-assignment for G, then for each c ∈ L, we let
δ(L, c) = −ac1 +
k∑
j=2
(k − j)acj and σ(G,L) =
∑
c∈L
max{δ(L, c), 0}.
Theorem 9. If G is a graph such that its largest component has k vertices, then χpc(G) ≤ k.
Proof. Suppose the theorem is false. Among all the graphs with components of order at most
k that are not proportionally k-choosable, choose a graph G along with a k-assignment, L,
for G such that there is no proportional L-coloring of G and σ(G,L) is as small as possible.
By Lemma 31 we know that σ(G,L) > 0. This means that there is a c ∈ L such that
δ(L, c) > 0. Let z1, z2, . . . , zk−1 be new colors such that {z1, . . . , zk−1} ∩ L = ∅. We form
the graph G′ from G by adding k isolated vertices to G called: v1, v2, . . . , vk. Clearly, the
components of G′ have order at most k. Now, let L′ be the k-assignment for G′ given by
L′(v) = L(v) when v ∈ V (G) and L′(vi) = {z1, z2, . . . , zk−1, c} for i = 1, . . . , k.
Let L′ be the palette of colors associated with L′. Clearly, L′ = L ∪ {z1, . . . , zk−1}.
Note that for each x ∈ L − {c}, δ(L′, x) = δ(L, x). Moreover, δ(L′, zi) = −k < 0 for each
i = 1, . . . , k − 1. Finally, δ(L′, c) = δ(L, c) − k < δ(L, c). It follows that σ(G′, L′) < σ(G,L).
Thus, there is a proportional L′-coloring, f , of G′. Since ηL′(zi) = k for each i = 1, . . . , k− 1,
we have that f({v1, . . . , vk}) = {z1, z2, . . . , zk−1, c}. It follows that restricting f to V (G)
yields a proportional L-coloring of G which is a contradiction.
Corollary 10. Suppose that G is a disjoint union of cliques and the largest component of G
has t vertices. Then, χpc(G) = t.
Proof. Since G has a component isomorphic to Kt, Proposition 21 and the fact that Kt is
not even t− 1-colorable implies that χpc(G) > t− 1. Theorem 9 and the fact that G has no
components of order greater than t implies that G is proportionally t-choosable.
4.2 Proportional Choosability of Stars
In this subsection we completely determine the proportional choosability of stars by prov-
ing Theorem 11.
Theorem 11. χpc(K1,m) = 1 + ⌈m/2⌉.
Proof. Throughout, let G = K1,m, with v as the central vertex and Z the set of leaves.
By Corollary 25, we know that
χpc(G) >
1 + ∆(G)
2
=
1
2
+
m
2
≥
⌈m
2
⌉
.
So, we have that χpc(G) ≥ 1 + ⌈m/2⌉.
Now, suppose that k = 1 + ⌈m/2⌉, and L is an arbitrary k-assignment for G. We will
show that there is a proportional L-coloring for G. By Propositions 23, we may assume that
k ≤ m−1. So, 1+m/2 ≤ k ≤ m−1 which means m ≥ 4 and k ≥ 3. We will prove the desired
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by considering 2 cases: (1) all colors in L(v) have multiplicity at least k + 1 and (2) there
exists a ∈ L(v) such that η(a) ≤ k.
For case (1), suppose that L(v) = {c1, c2, . . . , ck}. We begin by constructing a proper
L-coloring of G as follows. We color v with c1. Then, since each color in L(v) appears in at
least k lists corresponding to the vertices in Z, we may color 2 vertices in Z, say z1 and z2,
with c2. We then proceed inductively. Specifically, for each r = 3, 4, . . . , k, there are at least
k− r+1 lists corresponding to vertices in Z −{z1, z2, . . . , zr−1} that contain cr. So, we may
color a vertex in Z − {z1, z2, . . . , zr−1}, say zr, with cr. Now, notice we have used each color
in L(v) − {c2} once, and we have used c2 twice. Moreover, we have colored k vertices in Z.
So, there are m− k vertices in Z that are yet to be colored. Let Z ′ be the set of uncolored
vertices in Z. We note that:
1 ≤ m− k ≤ m−
(m
2
+ 1
)
=
m
2
− 1 ≤ k − 2
which means that 1 ≤ |Z ′| ≤ k − 2. Now, for each z ∈ Z ′, we let L′(z) = L(z) − {c1, c2}.
Notice |L′(z)| ≥ k − 2 for each z ∈ Z ′. Since |Z ′| ≤ k − 2, it is possible to greedily color the
vertices in Z ′ with |Z ′| pairwise distinct colors. Notice that the resulting coloring, f , is a
proper L-coloring for G, which uses no color more than twice. Furthermore, the only colors
used twice by f must be in L(v)−{c1}. This means that for each c ∈ L, |f
−1(c)| ≤ ⌈η(c)/k⌉
(i.e. f uses no color in L excessively). Since maxc∈L η(c) ≤ m+ 1 < m+ 2 ≤ 2k, Lemma 29
implies that there is a proportional L-coloring for G.
For case (2), take an arbitrary huing of L. By Lemma 19, there is a proportional L-
labelling f of G with f(v) = a. Since η(a) ≤ k, no other vertex receives color a, and so this
coloring is a proportional L-coloring of G.
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